Abstract. Let K i be a number field for all i ∈ Z >0 and let E be a family of elliptic curves containing infinitely many members defined over K i for all i. Fix a rational prime p. We give sufficient conditions for the existence of an integer i 0 such that, for all i > i 0 and all elliptic curve E ∈ E having good reduction at all p | p in K i , we have that E has good ordinary reduction at all primes p | p.
Introduction
Fix p a rational prime. Let K be a number field and for a prime p | p write f p for its residual degree. Given an elliptic curve E/K with good reduction at p we know that its trace of Frobenius at p is given by the quatity (1) a p (E) := (p fp + 1) − #Ẽ(F p fp ), whereẼ is the reduction of E modulo p.
Let E/K be an elliptic curve given by a Weierstrass model with good reduction at all p | p in K. It is simple to decide whether E is p-ordinary (i.e. has good ordinary reduction at all p | p). Indeed, for each p | p, compute a p (E) and check if p ∤ a p (E). If the previous holds for all p | p then E is p-ordinary. Now let (E α /K) α∈Z n be a family of elliptic curves given by their Weierstrass models. Suppose that E α has good reduction at all p | p for all α. Suppose further that a p (E α ) = a p (E β ) for α, β whose entries are congruent modulo p. We are interested in deciding whether E α is p-ordinary for all α. This is also simple since, using formula (1), we only need to compute a p (E α ) for all the α that are different modulo p, and all p | p in K. Then, if p does not divide any of the previous values it follows that E α is p-ordinary for all α.
A natural generalization is to consider the same question without the assumption that the E α are all defined over the same field K. In this note we approach this question. Indeed, we will describe sufficient conditions (see Theorem 1) to establish p-ordinarity of a family of elliptic curves defined over varying fields.
A natural source of infinite families of elliptic curves is the application of the modular method to equations of Fermat-type Ax p + By r = Cz q . Indeed, for certain particular cases of the previous equation, it is possible to attach to a solution (a, b, c) ∈ Z 3 a Frey elliptic curve E (a,b,c) given by a Weierstrass model depending on a, b, c. This generates an infinite family of elliptic curves. Moreover, in [1] this method is applied to infinitely many equations generating a family of elliptic curves defined over varying fields. In section 3 below, we will use this family from [1] to illustrate our main result.
Main Theorem
For the rest of this section we fix a rational prime p. For every i ∈ Z >0 let K i := Q(z i ) be a number field. Let A be an indexing set. Consider a family of elliptic curves
where E α,i is an elliptic curve defined over K i for all α ∈ A and all i ∈ Z >0 . For a prime p | p in K i let E α,i,p /K i be a p-minimal Weierstrass model for E α,i . Write c 4 (E α,i,p ) and ∆(E α,i,p ) for the usual invariants attached to the model E α,i,p .
For every i > 0 let A i ⊆ A be the set of α for which E α,i has good reduction at all p | p in K i . Suppose further that for all i > 0, all α ∈ A i and all p of K i above p there exist polynomials
• For each of the fields L α,i,p there is a unique prime q α,i,p below p. Let f α,i,p be its residual degree. Then the set {f α,i,p } is bounded. This implies that there exists a finite extension
• The sets {deg C α,i,p } and {deg D α,i,p } are bounded. Here C α,i,p and D α,i,p denote the reductions of C α,i,p and D α,i,p modulo q α,i,p . In particular we can assume that they are all in F[X], where F is the finite extension of F p mentioned above. Our main theorem is then the following: Theorem 1. Let p be a rational prime and (K i ) i∈Z>0 and E be as above. For each p | p in K i let f Then, there exists a positive integer i 0 such that for all i > i 0 and all α ∈ A i the elliptic curves E α,i are ordinary at all primes p | p in K i .
Proof. Fix an algebraic closure F p of F p and denote by B p the set of all the supersingular j-invariants modulo p which is well known to be finite (see for example [3, Chapter V, Theorem 4.1]). Moreover, from [3, Chapter V, Theorem 3.1 ] we have B p ⊂ F p 2 ⊆ F p . Let E be an elliptic curve over a number field K, having good reduction at (all primes above) p. For a prime p | p in K we write j(E) for j(E) (mod p) seen as an element of F p . Then, j(E) = b for all b ∈ B p implies that E is ordinary at p.
For the rest of the proof we fix a prime p over p for each K i . Thus, we have that for α ∈ A i the curve E α,i is ordinary at p if
Without loss of generality we may assume that F p 2 is contaned in F. By assumption d is finite, so there is a constant i 0 such that f i > cd for all i > i 0 , where c = [F :
Then, the residual degree f j p of K j at p is at most cd, hence j ≤ i 0 . Thus, for all i > i 0 , all b ∈ B p we have that
for any choice of p in K i above p and therefore we conclude that for all i > i 0 , the curve E α,i is ordinary at p for all α ∈ A i .
Remark 2.
We can obtain an even smaller d and therefore i 0 if we let d be the maximum among the degrees of the irreducible factors of the polynomials C α (X) 3 − bD α (X) over F. If one has an explicit enough description of the residual degrees for the fields K i one can turn this in to an algorithm for explicitly computing i 0 . This will be illustrated in the example below (see Theorem 3).
Application
First let us remark that the sequence of fields K r := Q(ζ r ), indexed by rational primes r, with ζ r an r-th primitive root of unity, satisfy the conditions of the Main Theorem. One family of elliptic curves that satisfies the hypotheses of our Main Theorem consists of the generalized Frey curves constructed in [1] . We also give a description here for convenience:
Let k = (k 1 , k 2 , k 3 ). Then for any pair (a, b) ∈ Z 2 \{(0, 0} we can define an elliptic curve
In what follows we will refer to them as simply A, B, C. Proof of Theorem 3: One needs to check that the fields K r and the families of elliptic curves E (a,b),r satisfy indeed the hypotheses of Theorem 1:
• The fields K r and Q(ζ r ) are Galois and therefore the residue class degrees at 3 are all equal to the minimum. Write f r and g r for the residue class degree at 3 of K r and Q(ζ r ), respectively. One has (see for example [2, p. 35] ) that g r is the smallest positive integer g such that r|3 g − 1. This clearly implies that lim r g r = +∞. Since g r is equal to f r or 2f r one has the corresponding property for the fields K r as well.
• K r = Q(ξ r ) where ξ r = ζ r + ζ −1 r . The model (described in [1, Section 2.3]) for each curve E (a,b),r is given by an equation for which c 4 (E (a,b) ,r ) = 2 4 (AB + BC + AC) and ∆ (E (a,b) ,r ) = 2 4 (ABC) 2 where A, B and C are the aforementioned polynomials evaluated at a, b, ξ r and therefore the same holds for c 4 and ∆. It is also clear from the expressions that they actually lie in Z (3) [a, b, ξ r ] . We therefore have that for fixed (integer) parameters a, b the parameters c 4 and ∆ are in indeed given by polynomials in
• The boundedness condition on the degrees of C (a,b) and D (a,b) as we let a and b vary is also evident from the fact that
; varying a and b matters only up to reduction mod 3.
• Good reduction for the curves with a or b ≡ 0 (mod 3) at primes above 3 is proven in [1, Proposition 3.2] . In other words,
Theorem 1 thus implies that there is a constant r 0 such that for all r > r 0 all the curves are ordinary at all primes above 3. Our goal now is to make this constant explicit, i.e. show that r 0 = 7. We proceed as outlined in Remark 2. From here onwards p will denote a prime above 3. For p = 3 we have that B 3 = {0} ⊆ F 3 . Thus one needs to check that c AB + BC + AC ≡ 0 (mod p).
Since A + B + C = 0, using the identity
we get that conguence (3) is equivalent to
Notice that AB + BC + AC (mod p) depends only on (a, b) (mod 3) so we will assume from now on that (a, b) ∈ F 2 3 \{(0, 0)}. Furthermore, by the symmetry of A, B, C, it is enough to consider only the cases where (a, b) ∈ {(1, 0), (1, 1), (1, 2)}. Assume for now (which is going to be true for the cases we will consider) that we can find u, v, w such that
Then congruence (4) is equivalent to
Since p | 3 we have that u 3 + v 3 + w 3 ≡ (u + v + w) 3 (mod p) and therefore
is equivalent to u 3 + v 3 + w 3 ≡ 0 (mod p). Furthermore, using the identity
we see that congruence (7) implies congruence (6). The values of u, v and w in each of the three cases for (a, b) are:
• The case (a, b) = (1, 0). In this case we have
and it is trivial to see that
• The case (a, b) = (1, 1). In this case we have
and it is easy to see that
• The case (a, b) = (1, 2). In this case we have
It is easy to see that one can write u + v + w as h(ξ 1 ) with h(X) ∈ Z[X] using the identities:
for k odd and
Notice that the degree of h depends on the triple (k 1 , k 2 , k 3 ) and (a, b) but not on r.
Assume now that congruence (7) is not true, i.e. that h(ξ i ) ≡ 0 (mod p). Then g(ζ r ) ≡ 0 (mod p) where g(X) ∈ Z[X] is the polynomial X deg(h) h(X + 1/X), of degree d = 2 deg(h), still independent of r. This implies that the extension F 3 [ζ r ]/F 3 is of degree at most d.
The relation r|3 f − 1 implies that, for a fixed f , there are only finitely many r, easily explicitly determined, such that the residue class degree is (at most) f . To finish things, we just have to examine what happens at these exceptional r. We will do this for (a, b) = (1, 1) and (k 1 , k 2 , k 3 ) = (1, 2, 3): In this case h is of degree 5 and it factors in F 3 [X] as (1 + X)(2 + X)(2 + X + X 2 + X 3 ).
The only primes r ≥ 7 for which the extension F 3 [ζ r ]/F 3 is of degree at most 6 are 7, 11 and 13. One then verifies computationally for these primes that the Frey curve is indeed 3-ordinary, except for 7. We again look at (the prime divisors of) the norm of u + v + w:
• r = 7: The norm is 0.
• r = 11: The norm is 11 2 .
• r = 13: The norm is 13 2 .
The other cases are treated the same way and it turns out that r > 7 is the sufficient condition for both triples.
